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A theory is developed for the density and temperature dependent carrier conductivity in doped
three-dimensional (3D) Dirac materials focusing on resistive scattering from screened Coulomb disor-
der due to random charged impurities (e.g., dopant ions and unintentional background impurities).
The theory applies both in the undoped intrinsic (“high-temperature”, T ≫ TF ) and the doped
extrinsic (“low-temperature”, T ≪ TF ) limit with analytical scaling properties for the carrier con-
ductivity obtained in both regimes, where TF is the Fermi temperature corresponding to the doped
free carrier density (electrons or holes). The scaling properties describing how the conductivity
depends on the density and temperature can be used to establish the Dirac nature of 3D systems
through transport measurements. We also consider the temperature dependent conductivity lim-
ited by the acoustic phonon scattering in 3D Dirac materials. In addition, we theoretically calculate
and compare the single particle relaxation time τs, defining the quantum level broadening, and the
transport scattering time τt, defining the conductivity, in the presence of screened charged impurity
scattering. A critical quantitative analysis of the τt/τs results for 3D Dirac materials in the presence
of long-range screened Coulomb disorder is provided.
I. INTRODUCTION
Following the very extensive research activity in
graphene over the last 10 years1–4, a great deal of in-
terest in condensed matter physics (and beyond5) has
focused on other 2D and 3D Dirac materials where the
elementary low-energy noninteracting electronic energy
dispersion is linear and can be written in the continuum
long wavelength limit as: E(k) = ±~vF |k| where vF is
the (Dirac) Fermi velocity and the +/− signs denote
electron/hole (conduction/valence) bands, respectively,
meeting at the so-called Dirac point k = 0 in our no-
tation (where the conduction/valence bands meet mak-
ing the system a gapless semiconductor or a semimetal).
Considerable theoretical work focusing on bulk chiral ma-
terials with a gapless band structure including Weyl and
3D Dirac semimetals6–8 has been carried out recently.
This linear gapless massless chiral Dirac band dispersion
defines a solid state Dirac material, and exciting new
materials and experimental developments9–11 have led to
the laboratory realization of 3D Dirac materials (i.e., es-
sentially the 3D generalization of 2D graphene) by sev-
eral groups. We mention here that for our purpose in the
current work, Dirac and Weyl systems are equivalent (i.e.
our work applies to both systems equally) as long as the
appropriate degeneracy factor (called ‘g’ in our work) is
used in the calculations. We will use the generic expres-
sion ‘3D Dirac system’ to describe both materials in the
current work.
An intrinsic or undoped 3D Dirac system is a
semimetal with the linear electron (conduction)-hole (va-
lence) bands touching at the Dirac point with the valence
band completely full and the conduction band completely
empty (at T = 0) since the chemical potential or the
Fermi level is precisely at the Dirac point. Such a system
is charge-neutral by itself, but is unstable since any back-
ground doping (intentional or unintentional) converts the
system into an extrinsic or doped semiconductor with ei-
ther free electrons in the conduction band or free holes in
the valence band (depending on the nature of background
doping). Finite temperature also creates free carriers in
the system, albeit maintaining its overall charge neutral-
ity since equal numbers of thermally excited electrons
and holes are created. It is therefore more appropriate
to think of 3D Dirac materials as gapless semiconduc-
tors rather than semimetals since the stable system is
a doped or extrinsic semiconductor (with linear chiral
energy bands) with free carriers. In any semiconductor,
including 3D Dirac systems, the most important physical
property is the nature of charge transport which is easy
to measure experimentally as a function of temperature,
carrier density, and other variables (e.g., external mag-
netic field, applied pressure, etc.). Drude or ohmic dc
transport as a function of carrier density and tempera-
ture provides detailed information about the elementary
excitations and scattering processes in the system, and
is thus the very first property typically studied in the
literature. Indeed, transport studies of 3D metals and
semiconductors as well as two dimensional electron gas
systems and graphene have been among the most active
research areas in physics and applied physics over the last
sixty years (since the beginning of the 1950s).
Recent work on graphene, the quintessential 2D Dirac
material, shows the great importance of transport prop-
erties in the context of Dirac materials.1–4 The nature of
transport in graphene has been actively debated12 over
the last seven years, and the nature of the graphene Dirac
point has been elucidated through experimental and the-
oretical works studying density and temperature depen-
dent electrical conductivity.1–4 More recently, transport
2properties of 2D surface states on 3D topological insula-
tors have been studied in the context of understanding
their fundamental properties.13 It is clear that under-
standing the transport properties of an electronic mate-
rial is essentially the first step in developing a complete
theory for the material itself. Motivated by these consid-
erations, we undertake in this work the development of a
theory for the density and temperature dependent Drude-
Boltzmann transport properties of 3D Dirac materials
using charged impurity and acoustic phonon scattering
processes as the main resistive mechanisms. Our theory
includes the full effect of finite temperature screening due
to the chiral linear band structure of the Dirac system.
The corresponding theoretical and experimental trans-
port work on graphene (i.e., the most common 2D Dirac
material) is extensively reviewed in Refs. 3 and 4.
In the current work, we explore the transport prop-
erties of 3D Dirac systems theoretically, obtaining the
dc conductivity as a function of both carrier density (n)
and temperature (T ) considering both the undoped (in-
trinsic semimetal with the chemical potential precisely at
the Dirac point) and the doped (extrinsic semiconductor
with the chemical potential in the conduction band at
a Fermi energy EF determined by the doping density).
There have been several recent publications discussing
transport properties of these 3D chiral materials,14–18
but the investigation including full temperature and den-
sity dependent screening effects on transport of 3D Dirac
semimetals, as we consider in the current work, has not
been considered in the literature for 3D Dirac materi-
als. In addition, we provide a comparison among several
different momentum relaxation processes (e.g. disorder
and phonon scattering, long-range and short-range dis-
order, transport and quantum relaxation, etc.), which
has also not been discussed. In this paper we calcu-
late transport properties incorporating the density and
temperature dependent screening of random background
quenched charged impurities, typically the most common
disorder in semiconductors. We also include scattering by
zero-range white-noise disorder arising, for example, from
point defects. We also consider the temperature depen-
dent conductivity limited by the acoustic phonon scat-
tering in 3D Dirac materials. Similar transport theory
results coupled with corresponding experimental conduc-
tivity measurements2–4,12,19–22 led to considerable funda-
mental understanding and progress in graphene physics
as well as for surface transport in 3D topological insulator
materials13, and the expectation is that the same should
happen in 3D Dirac materials when appropriate trans-
port measurements are carried out and compared with
the theoretical results presented in the current work. In
particular and as emphasized above, a thorough theoret-
ical understanding of carrier transport properties is al-
most inevitably the first basic requirement in developing
the physics and materials science of any new doped semi-
conductors. This is the context of our current theoreti-
cal work exploring the transport properties of doped 3D
Dirac materials which are a particular type of semicon-
ductors with properties distinct from ordinary parabolic
semiconductors. Our work should be useful in under-
standing and interpreting experimental transport data
in 3D Dirac materials as they become available in the
future.
The theoretical approach we develop is physically mo-
tivated and based on the firm (and remarkably success-
ful) conceptual framework of carrier transport theories
in bulk semiconductors and semimetals as well as in 2D
semiconductor systems23 and graphene4. We use the
semiclassical Boltzmann transport theory within the re-
laxation time approximation for solving the Boltzmann
integral equation. We take into account resistive scat-
tering by long-range and short-range impurity scatter-
ing as well as phonon scattering. The long-range disor-
der arises from random quenched charged impurities in
the environment, which are invariably present either as
dopant ions to produce free carriers in the system or as
unintentional background impurities in the host material.
The short-range disorder arises from atomic point de-
fects which may be present in the system. The Coulomb
disorder arising from the quenched charged impurities is
screened by free Dirac carriers themselves which we treat
within the finite temperature random phase approxima-
tion (RPA). We note that the resistivity due to long-
range unscreened Coulomb disorder typically diverges in
3D electronic systems, and therefore, appropriate screen-
ing is an essential element of the theory in order to get
meaningful finite (rather than vanishing) conductivity in
the system. Phonons are inevitable sources of scatter-
ing and can dominate transport at high temperatures.
We therefore consider the phonon limited conductivity
incorporating the acoustic phonon scattering in the 3D
Dirac semimetals which could be of importance at higher
temperatures whereas the low-temperature conductivity
should always be dominated by disorder. Our theory in-
cludes screening, disorder and phonons on an equal foot-
ing for the calculation of the transport properties of 3D
Dirac systems within the Boltzmann-RPA transport the-
ory.
In general, the conductivity is related to the trans-
port relaxation time τt in disordered metals, i.e., σ ∝ τt.
There is another distinct relaxation time in a disordered
system that is independent of τt, which is the single par-
ticle (or quantum) relaxation time τs defining the quan-
tum level broadening.24–27 Although τt and τs both arise
from impurity scattering in the metallic regime, they are
distinct from each other with no direct analytical rela-
tionship connecting them except for the simple model
of completely isotropic s-wave zero-range impurity scat-
tering where they become identical. It is well known25
that in ordinary 3D metals τt ≈ τs because of the strong
screening effect (i.e., the effective impurity-electron in-
teraction potential is short ranged). However, 3D Dirac
semimetals are qualitatively different even for this short-
ranged white noise disorder due to their chiral symme-
try, which suppresses backward (i.e., a scattering in-
duced wave vector change by 2kF ) scattering. In ad-
3dition, screening is weak in Dirac systems due to the
small density of states associated with the linear band
dispersion, and hence long-range Coulomb disorder could
introduce differences between transport and quantum re-
laxation times, drawing a sharp contrast with 3D semi-
conductors (and metals) where τt ∼ τs typically holds
even for Coulomb disorder due to strong carrier screen-
ing. In this paper, we theoretically study τt and τs in
3D Dirac semimetals due to long-range impurity scatter-
ing, finding interesting behavior in the ratio τs/τs as a
function of the effective coupling constant. We compare
the ratio τt/τs of 3D Dirac semimetals with the corre-
sponding situation in 2D graphene27 which is a typical
2D Dirac material, finding significant differences. As we
will show later in this paper, due to the chiral suppression
of backward scattering, the zero-range white-noise s-wave
isotropic disorder potential leads to τt/τs = 3/2 in 3D
Dirac semimetals, in contrast to the τt = τs condition
in ordinary metals and semiconductors for short-range
disorder. For 3D Dirac semimetals with the Coulomb
disorder being strongly screened by the RPA screening
we have τt/τs ≥ 3/2 depending on the ultraviolet cutoff
of the linear band dispersion, even though for the corre-
sponding Thomas-Fermi (TF) screening τs/τs → 3/2 in
the strong screening limit. This interesting (and nontriv-
ial) difference between RPA and Thomas-Fermi screening
in Dirac systems arises from the subtle property of the
chiral nature of the free carriers which suppresses the 2kF
back-scattering.
The paper is organized as follows. In Sec. II, the Boltz-
mann transport theory is presented to calculate the tem-
perature and density dependent conductivity of 3D Dirac
semimetals in the presence of Coulomb disorder (i.e. ran-
dom charged impurities). We also present screening (by
the carriers themselves) within the RPA theory. Section
III presents the results for the transport scattering time
τt and the single particle relaxation time τs. In Sec. IV,
we present the acoustic phonon scattering limited resis-
tivity of 3D Dirac semimetals. In Section V we discuss
the results and predict experimental implications.
II. SCREENING AND CONDUCTIVITY
A. RPA and TF screening
Before we discuss the temperature- and density-
dependent conductivity we first consider temperature-
and density-dependent screening (or dielectric function)
since the Coulomb disorder arising from the quenched
charged impurities is screened by free Dirac carriers
themselves (i.e., the bare Coulomb disorder V becomes
screened Coulomb disorder V/ǫ where ǫ is the dielectric
function). Within the RPA the screening function (static
dielectric function) is given by
ǫ(q, T ) = 1− v(q)Π(q, T ), (1)
where v(q) = 4πe2/κq2 is the 3D Fourier transform of
the Coulomb potential e2/κr and Π(q, T ) is the static
polarizability which is given by
Π(q, T ) =
DF
6
q2
k2F
ln
kc
q
+Π(+)(q, T ) + Π(−)(q, T ), (2)
where DF = gE
2
F /[2π
2(~vF )
3] is the density of states at
the Fermi level, kc is the ultraviolet cutoff arising from
the linear band dispersion (kc ∼ a−1 where a is the lattice
constant), showing that there is an ultraviolet renormal-
ization of effective charge in 3D Dirac systems in con-
trast to the 2D Dirac system where the charge remains
unrenormalized (i.e. the corresponding 2D Dirac polar-
izability function does not have any ultraviolet cut off
correction4), and Π(±) are given by
Π(±)(q, T ) =
DF
k2F
∫ ∞
0
dkf
(±)
k
[
k − q
2 − 4k2
4q
ln
∣∣∣∣q + 2kq − 2k
∣∣∣∣
]
,
(3)
where f
(±)
k = 1/[1+exp[(εk∓µ)/kBT ]], where εk = ~vFk
and µ is the finite temperature chemical potential which
is determined by the conservation of the total electron
density. Note that only cutoff kc dependance in the
screening function arises from the first term in Eq. (2)
which is independent of the temperature – thus, temper-
ature (T ) and ultraviolet cut off (kc) do not mix at all in
the theory. Thus, it is expected that the ultraviolet cutoff
is irrelevant for the temperature dependent conductivity
within RPA although it will manifest itself as a weak log-
arithmic effect in the zero-temperature resistivity arising
from the scattering by the screened Coulomb disorder.
We will suppress this ultraviolet logarithmic dependence
in most of our discussions below. At zero temperature
µ(T ) = EF , and Π
(−)(q) = 0 and
Π(+)(q) =
2DF
3
[
1 +
kF
2q
(
1− 3
4
q2
k2F
)
ln
∣∣∣∣2kF + q2kF − q
∣∣∣∣
− q
2
8k2F
ln
∣∣∣∣4k2F − q2q2
∣∣∣∣
]
. (4)
In the low temperature limit (T < TF ) the asymptotic
forms of the polarizability become at q = 0
Π˜(0, T ) = 1− π
2
3
(
T
TF
)2
, (5)
and at q = 2kF
Π˜(2kF , T ) = Π˜(2kF , 0)
− π
2
6
[
1 + ln
π2
12
+ ln
T
TF
](
T
TF
)2
, (6)
where Π˜ = Π/DF , and Π˜(2kF , 0) =
2
3 [1+ ln(kc/2kF )] At
high temperatures (T > TF ) we have
Π˜(0, T ) =
π2
3
(
T
TF
)2
+
1
π4
(
TF
T
)4
. (7)
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FIG. 1. (a) Temperature-dependent polarizability Π(q, T ) of
3D Dirac semimetals as a function of wave vector for different
temperatures and (b) temperature dependent TF wave vector
qTF (T ) as a function of temperature. Here DF is the density
of states of the 3D Dirac semimetals and qTF (0) is the zero
temperature TF screening wave vector. The low and high
temperature behaviors given in Eq. (8) and Eq. (9), respec-
tively, are also shown in (b). The TF screening wave vector
qTF (0) is related to the density of states at the Fermi energy
through the relationship: qTF (0) = (4pie
2DF /κ)
1/2, and by
definition q2TF = Π(q = 0)4pie
2/κ.
Before considering the full RPA screening effect we first
consider TF screening which is defined as the q = 0 limit
of RPA. The temperature dependent TF wave vector can
be calculated at low temperatures (T/TF < 1)
qTF (T ) = qTF (0)
[
1− π
2
6
(
T
TF
)2]
, (8)
and at high temperatures (T/TF > 1)
qTF (T ) = qTF (0)
π√
3
(
T
TF
)[
1 +
3
2π6
(
TF
T
)6]
, (9)
where qTF (0) =
√
2gα/πkF is the zero temperature TF
wave vector. We note that the TF screening wave vector
is simply related to the density of states at the Fermi en-
ergy through the relationship: qTF (0) = (4πe
2DF /κ)
1/2.
In Fig. 1, we show our calculated 3D Dirac RPA (some-
times called Lindhard) screening function for various
temperatures. We note that there are significant differ-
ences with the corresponding 2D28 and 3D24,29 Lindhard
screening function for ordinary metals (i.e., parabolic
non-chiral 3D systems), but many similarities with 2D
Dirac systems (e.g., graphene)30. As shown in Fig. 1
the overall screening function for T & 0.5TF increases
monotonically with temperature because of the thermal
excitation of electrons from the valence band to the con-
duction band. This behavior is also found in graphene30
and is generic for gapless semimetals. The overall tem-
perature dependence of 3D Lindhard screening function
decreases with temperature for q . 2kF , but increases
with temperature for q ≫ 2kF because the thermally
excited electrons only in the conduction band weakens
the long wavelength screening. The TF screening wave
vector also shows different behavior from the ordinary
metals where the TF wave vector decreases monotoni-
cally with temperature. However, the TF wave vector in
3D Dirac semimetals increases linearly with temperature
at high temperatures (T ≫ TF ), but decreases quadrat-
ically at low temperatures (T < TF ). The TF screening
in graphene also shows a similar behavior30. We note
that the scaled screening function (Π(q/kF , T/TF )/NF )
in terms of q/kF and T/TF is very weakly dependent
on the carrier density, and in fact the density dependent
term of scaled Π arises only from the ultraviolet cutoff in
Eq. (2), i.e., ln(kc/kF ).
B. Boltzmann Conductivity
For a system with a chiral linear energy dispersion,
Ek = ~vF |k|, the energy dependent transport scattering
time within the Born approximation is given by
1
τt
=
2πni
~
∫
d3k′
(2π)3
|〈V (k,k′)〉|2 (1 − cos
2 θ)
2
δ(Ek−Ek′ ),
(10)
where ni is the impurity density, θ is the scattering an-
gle between k and k′, and 〈V (k,k′)〉 is the scattering
amplitude. For screened Coulomb disorder we have
〈V (k,k′)〉 = 4πe
2
κ
1
q2 + q2s
, (11)
where κ is the background lattice dielectric constant of
the material, q = |k − k′|, and qs is the screening wave
vector. For qs = 0, we get the usual unscreened Coulomb
potential in the wave vector space going as 1/q2 indicat-
ing the long-range 1/r behavior of the Coulomb interac-
tion. We can rewrite Eq. (10) as
1
τt
=
ni
2π
k2
~2vF
∫ pi
0
dθ|V (q)|2 sin θ(1− cos2 θ)/2, (12)
where q = 2k sin(θ/2).
In the long wavelength Thomas-Fermi approximation,
the screening wave vector qs is defined by the density of
states at the Fermi energy. Considering Thomas-Fermi
(TF) screening we have the scattering time for long range
Coulomb disorder at T = 0
1
τt
= 4πniα
2 vF
k2F
It(q0) (13)
where α = e2/κ~vF is the effective coupling (i.e., fine
structure) constant and q0 = qTF /2kF with qTF =√
12πe2n/EF =
√
2gα/πkF being the TF screening
wave vector (g = gsgv is the total degeneracy with gs and
gv being the spin and valley degeneracy, respectively). In
Eq. (13) It(q0) is given by
It(q0) =
(
q20 +
1
2
)
log
(
1 +
1
q20
)
− 1. (14)
5The asymptotic behaviors of I(q0) are given by
It(q0) ∼ −1− log(q0) + q20/2− 2q20 log(q0), for q0 ≪ 1
It(q0) ∼ 1
12q40
(
1− 1
q20
)
, for q0 ≫ 1. (15)
Note that q0 = qTF /2kF =
√
gα/2π is a function of the
coupling constant α and is independent of density. Since
n = gk3F /6π
2, the density dependent scattering time is
given by
1
τt
∝ ni
n2/3
. (16)
For the Dirac materials the zero temperature conduc-
tivity σ can then be expressed in the TF approximation
as
σ = e2
v2F
3
DF τt =
e2
h
gvF
3π
k2F τt, (17)
where DF = gE
2
F /[2π
2(~vF )
3] is the density of states at
the Fermi level. With Eq. (13) we have
σ =
e2
h
g
12π2
k4F
niα2
1
It(q0)
. (18)
Thus, for q0 ≪ 1
σ =
e2
h
(
3π2
4g
)1/3
n4/3
α2ni
1
log(1/q0)− 1 , (19)
and for q0 ≫ 1
σ =
e2
h
3g
π
(
3g2
4π
)1/3
n4/3
ni
. (20)
For q0 =
√
gα/2π ≫ 1, the conductivity is independent
of the coupling constant α. This result also corresponds
to the complete screening of the Coulomb disorder, i.e.,
〈V (k,k′)〉 = 4πe
2
κ
1
q2s
. (21)
With the completely screened Coulomb disorder the scat-
tering time becomes
1
τt
=
4π3nivF
3g2k2F
. (22)
Substituting this result into Eq. (17) we have the same
result as Eq. (20).
For the short range (actually, zero-range, as appropri-
ate for point defects and neutral impurities) disorder with
〈V (k,k′)〉 = V0 we have
1
τt
=
ndV
2
0 k
2
F
3π~2vF
, (23)
and the conductivity becomes
σ =
e2
h
g(~vF )
2
ndV 20
. (24)
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FIG. 2. The density dependent conductivity calculated
with the full RPA screening function for various temperatures.
Here α = 1.2 and a fixed impurity density ni = 10
18cm−3 are
used.
For the short ranged disorder the conductivity is inde-
pendent of the carrier density whereas the long-range
disorder gives σ ∝ n4/3 (see Fig. 2). A peculiar feature
of the 3D strong screening limit is that the conductiv-
ity becomes independent of the effective fine structure
constant, which is qualitatively different from the corre-
sponding 2D graphene case. In Table I we summarize our
calculated exponent (β) of the density dependent conduc-
tivity (σ ∼ nβ) for the various types of disorder present
in the environment of the 3D Dirac materials comparing
with that of 2D graphene and 3D parabolic systems31.
As is obvious from Table 1 (and the theory above), 3D
Dirac systems show qualitatively different density scal-
ing of the electrical conductivity compared with either
ordinary (parabolic) 3D metals/semiconductors or 2D
graphene.
In the Boltzmann transport theory the temperature
dependence of the conductivity arises from two sepa-
rate contributions4,23, namely the temperature depen-
dent screening and energy averaging of the energy de-
pendent scattering time. Since the energy dependence
of the scattering time for the long range Coulomb disor-
der is given by τt(E) ∝ E2 we have the energy averaged
scattering time at low temperatures
〈τt(T )〉 = τt(0)
[
1 +
2π2
3
(
T
TF
)2]
, (25)
and at high temperatures
〈τt(T )〉 = τ(0)7π
4
30
(
T
TF
)4
, (26)
where τt(0) is the zero temperature scattering time given
in Eq. (13). Thus, combining the temperature dependent
6TABLE I. By considering the various types of disorders present in the environment of 3D Dirac materials, the asymptotic density
scaling exponent (β) for the conductivity (σ ∼ nβ in 3D Dirac systems) is compared with the corresponding exponents of other
systems31. The two values of the exponents for the 2D Dirac system in the table indicate the impurities being distributed
inside (far outside) the 2D system. See Ref. 31 for details on the results given in the second and third columns whereas the
results of the first column (for 3D Dirac systems) are obtained in the current work. The weak- or strong-screening limits imply
q0 = qTF /2kF ≪ 1 or ≫ 1 – see the text for details.
Disorder type 3D Dirac system 2D Dirac system Ordinary 3D
Unscreened Coulomb Log-divergent Log-divergent (0) Log-divergent
Screened Coulomb (weak) 4/3 1/2 (0) 1
Screened Coulomb (strong) 4/3 1/2 (0) 1/3
Zero range 0 -1 (-1) -1/3
scattering time with the energy averaged terms we have
the total temperature dependent conductivity. For the
long range disorder the temperature dependent screening
wave vector gives rise to an additional temperature de-
pendence in the conductivity. Thus, the τt(0) in Eqs. (25)
and (26) can be considered to be an effective temperature
dependent scattering time arising from the temperature
dependent screening effect as derived above.
We can now obtain the overall temperature depen-
dence of the conductivity by combining the energy aver-
aging and temperature dependent screening. For q0 < 1
Eqs. (19) and (25) give the low temperature conductivity
as
σ(T ) = σ(0)
[
1 +
π2
3
(
2 +
1
1 + ln q0
)
T 2
T 2F
]
, (27)
where σ(0) is defined by Eq. (18) which gives the
density-dependent conductivity at zero-temperature, and
Eqs. (19) and (26) give the high temperature conductiv-
ity for q0T/TF < 1
σ(T ) = σ(0)
7π4
30
(
T
TF
)4 [
1 + ln q0
1 + ln(πq0/
√
3) + ln(T/TF )
]
,
(28)
and for q0T/TF > 1 we have
σ(T ) = σ(0)
7π8
90
(
T
TF
)8
. (29)
Thus, for q0 < 1 there is a crossover in the tempera-
ture dependence from an exponent 4 to 8 in the high
temperature conductivity. For q0 > 1 we have the low
temperature conductivity
σ(T ) = σ(0)
[
1 +O(T/TF )
4
]
(30)
and the high temperature conductivity
σ(T ) = σ(0)
7π8
90
(
T
TF
)8
. (31)
Due to the cancelation between the screening effect and
the energy averaging, the low temperature conductivity
is almost temperature independent. The T 8 dependence
of conductivity in the high q0T/TF limit is completely
artificial, arising from the independent considerations of
the screening and energy averaging. As shown in Figs. 3
and 4 the energy dependence of the screening gives T 4
behavior in the high temperature limit even for the TF
screening.
For the short range disorder we have the energy aver-
aged scattering time at low temperatures
〈τt(T )〉 = τt(0)
[
1− e−TF /T
]
, (32)
and at high temperatures
〈τt(T )〉 = τt(0)
[
1
2
+
1
4π2
(
TF
T
)3]
, (33)
where τt(0) is given in Eq. (23). For the short range
disorder the temperature dependent conductivity comes
from the energy averaging of the scattering time because
there is no screening effect.
In Figs. 3 and 4 we show our full numerically calculated
RPA screened (i.e., full wave vector, temperature, and
density dependent static screening) transport results for
3D Dirac systems, emphasizing that the asymptotic low-
and high-temperature results agree well with our analyt-
ical theories. A particularly noteworthy and unexpected
feature is that, except for a small window of temperature
around T/TF ∼ 0.5 where the conductivity decreases
with increasing temperature, the impurity-induced trans-
port behavior in 3D Dirac materials is ‘insulating’ at all
temperatures with the conductivity increasing with in-
creasing temperature. Since screening always decreases
with increasing temperature, our results indicate that the
temperature dependence of the electrical conductivity of
3D Dirac systems is mostly dominated by the energy av-
eraging effects, leading mostly to a decreasing conductiv-
ity with decreasing temperature as long as phonon effects
and any electron interaction-induced umklapp scattering
processes can be ignored. Phonons by themselves should
lead to very weak temperature dependence at low tem-
peratures (the so-called Bloch-Gru¨neisen regime) as stud-
ied later in this work whereas the combination of umk-
lapp scattering and electron-electron interaction should
produce a T 2 temperature dependence decreasing the
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FIG. 3. The scaled conductivity σ(T )/σ(T = 0) for a strong
screening parameter q0 = qTF /2kF = 1.2 (a) at low temper-
atures and (b) at high temperatures. Inset in (a) shows the
same figures as (a) and (b) in the linear scale. The black
line indicates the conductivity calculated with the full RPA
screening. The red (blue) line indicates the conductivity cal-
culated with temperature dependent (independent) TF.
conductivity with increasing temperature. We note that
the temperature dependent conductivity within RPA is
unaffected by the ultraviolet cutoff kc because kc only
enters in the first term of the RPA screening function,
Eq. (2), and this term is independent of temperature.
III. TRANSPORT SCATTERING TIME AND
SINGLE PARTICLE RELAXATION TIME
In previous sections we calculated the transport scat-
tering time τt which determines the conductivity. In
this section we consider the quantum lifetime or the
single-particle relaxation time, τs, which determines the
quantum level broadening Γ ≡ ~/2τs of the momentum
eigenstates.24,25 The single particle relaxation time τs can
be calculated from the electron self energy of the coupled
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FIG. 4. The same as Fig. 3 for a weak screening parameter
q0 = qTF /2kF = 0.17.
electron-impurity system. It is related to the imaginary
part of the single particle self-energy function by
1
τs
=
2
~
ImΣ(kF , EF ), (34)
with the single particle quantum (impurity induced) level
broadening Γs = ImΣ(kF , EF ), i.e. τs = ~/2Γs. In the
leading order disorder approximation, we obtain the sin-
gle particle relaxation time τs
1
τs
=
2πni
~
∫
d3k′
(2π)3
|〈V (k,k′)〉|2 (1 + cos θ)
2
δ(Ek − Ek′).
(35)
By comparing Eq. (10) with Eq. (35), we find that the
only difference between the scattering time τt and the
single-particle relaxation time τs is the weighting factor
for the backscattering (1 − cos θ) in the transport scat-
tering time which arises from the vertex correction which
must be present in the conductivity. Thus, without the
chiral factor for the wave function overlap (1 + cos θ),
the difference between τt and τs arises from the effect
8of the wave vector dependent impurity potential V (k)
which distinguishes between single particle relaxation
τ−1s which is affected equally by scattering in all direc-
tions and transport relaxation τ−1t which is unaffected
by forward scattering (small-angle scattering). Note that
although the transport scattering time, τt, and the sin-
gle particle scattering time τs both arise from impurity
scattering, they are in general distinct and unique with
no direct analytical relationship connecting them (except
when the disorder potential is isotropic or zero-ranged).
In addition to the weighting factor for the backscatter-
ing, there is another weighing factor for the chiral effect
in 3D Dirac semimetals, (1+cos θ), which suppresses the
large angle scattering equally for both τt and τs.
Considering Thomas-Fermi (TF) screening we have the
scattering time for long range Coulomb disorder at T = 0
1
τs
= 4πniα
2 vF
k2F
Is(q0) (36)
where α = e2/κ~vF is the effective coupling (i.e., fine
structure) constant and q0 = qTF /2kF with qTF =√
12πe2n/EF =
√
2gα/πkF being the TF screening
wave vector (g = gsgv is the total degeneracy with gs and
gv being the spin and valley degeneracy, respectively). In
Eq. (36) Is(q0) is given by
Is(q0) =
1
4
[
1
q20
− log
(
1 +
1
q20
)]
. (37)
The asymptotic behaviors of Is(q0) are given by
Is(q0) ∼ 1
4q20
[
1 + 2q20 log q0 − q20
]
, for q0 ≪ 1
Is(q0) ∼ 1
8q40
(
1− 1
3q20
)
, for q0 ≫ 1. (38)
Note that q0 = qTF /2kF =
√
gα/2π is a function of the
coupling constant α (in 3D Dirac semimetals the dimen-
sionless interaction parameter is α) and is independent
of density. Thus, the density dependent scattering time
has the same form as τt
1
τs
∝ ni
n2/3
. (39)
From Eqs. (13) and (36) we can obtain the ratio of the
transport scattering time to the single particle relaxation
time, τt/τs. Note that the ratio is only a function of q0
(or α) and does not depend on the carrier density. We
have the limiting form of τt/τs, in the small and large q0
regimes
τt
τs
≈ 3
2
(
1 +
1
3q20
)
, for q0 ≫ 1
τt
τs
≈ 1
2q20(−1− log q0)
[
1 + 2q20 log q0
]
for q0 ≪ 1.(40)
For large q0, the ratio approaches 3/2, which indicates
that scattering is not isotropic even though the screen-
ing is strong. On the other hand, τt/τs diverges as
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FIG. 5. (a) Calculated ratio of the transport scattering time
to the single particle scattering time τt/τs as a function of
q0 for the screened charged impurity scattering. The solid
(dashed) line represents the ratio for charged impurity with
TF (RPA) screening effect. (b) The ratio as a function of
kF /qTF . Note that q0 =
√
2g/pi
√
α, where α = e2/κ~vF
is the dimensionless effective coupling constant. (c) and (d)
show the scattering time ratio for the short range impurity
scattering as a function of q0 and kF /qTF , respectively. The
horizontal solid lines in (c) and (d) indicate the ratio for the
δ-range unscreened short-range disorder. For comparison we
also show the results for screened short-range disorders within
TF (thick solid lines) and RPA (dashed lines).
1/q20| log q0| for small q0, wherein the screening is very
weak. Thus, in the weak screening limit the transport
scattering rate is much weaker than the single particle
scattering rate. Note that for 2D graphene27 we have
the ratio τt/τs → 2 as qs → ∞ and τt/τs → 1/q0 as
q0 → 0. Thus, when we compare the calculated scatter-
ing time ratio of 3D Dirac semimetals with the scattering
time ratio of 2D graphene27 we find that the ratio of 2D
graphene is larger than that of the 3D Dirac semimetals
in the strong screening limit, but in the weak screening
limit the ratio is strongly affected by the interaction pa-
rameter in 3D Dirac semimetals. This is an unexpected
dimensional dependence of the ratio τt/τs in Dirac sys-
tems which is not found in the corresponding parabolic
band systems.
For the short range disorder with 〈V (k,k′)〉 = V0 we
have
1
τs
=
ndV
2
0 k
2
F
2π~2vF
. (41)
Thus, from Eqs. (23) and (41) we have the ratio τt/τs =
3/2, which is the same result we obtain for the very strong
9screening limit q0 →∞. Due to the suppression of back-
ward scattering (induced by the chiral symmetry of 3D
Dirac semimetals), the zero-range white-noise disorder
potential model leads to τt/τs = 3/2, in contrast to the
τt = τs in ordinary metals and semiconductors. This is
due to the importance of kF rather than 2kF scattering
in dominating transport properties in 3D Dirac semimet-
als, whereas the small-angle scattering always dominates
τs. A generic observation of τt > τs thus would indicate
the Dirac-like behavior of a 3D material in contrast to
3D parabolic systems which tend to have τt = τs in most
situations.
Figures 5(a) and (b) show the ratio of the transport
scattering time to the single particle scattering time τt/τs
of charged impurity scattering as a function of q0 and
kF /qTF , respectively. The solid (dashed) line repre-
sents the ratio within TF (RPA) screening. Note that
q0 =
√
2g/π
√
α. For strong screening q0 → ∞ (or
kF /qTF → 0) the ratio approaches the value 3/2 for TF
screening. For RPA screening, τt/τs > 3/2 even in the
very strong screening limit and is dependent on the ul-
traviolet cutoff kc. We find τt/τs increases with kc, which
arises from the contribution to the large angle scattering
(q ∼ kF ) in the transport scattering time (see Eq. (2)).
In Fig. 5 we use kc/kF = 100. For smaller kc/kF (e.g.,
kc/kF = 10) we have τt/τs ∼ 3/2 in the strong screen-
ing limit. Figs. 5(c) and (d) show the scattering time
ratio for the short range impurity scattering as a func-
tion of q0 and kF /qTF , respectively. The horizontal solid
lines in (c) and (d) represent the ratio for the δ-range un-
screened short-range disorder and indicate that the ratio
is independent of the screening strength. Note that in
2D graphene the ratio for the unscreened δ-range disor-
der scattering varies with the screening strength27. For
comparison we also show the results for screened short-
range disorders within TF (thick solid lines) and RPA
(dashed lines). If the short-range disorder (e.g., atomic
point defects) is screened, the single particle relaxation
time becomes larger than the transport scattering time
in the strong screening limit. This phenomenon arises
from the importance of kF rather than 2kF scattering in
transport properties in 3D Dirac semimetals.
IV. PHONON SCATTERING
In section II we considered the temperature depen-
dent conductivity arising from the temperature depen-
dent screening and energy averaging of the transport
scattering time. Since phonons are dominant scatter-
ing sources at high temperatures4,23, in this section we
consider the longitudinal acoustic (LA) phonons to calcu-
late the acoustic phonon scattering limited conductivity
of the 3D Dirac system.
When we consider the phonon emission and absorp-
tion at finite temperature the energy dependent relax-
ation time [τ(εk)] is defined by
25
1
τ(εk)
=
∑
k′
(1− cos θkk′)Wkk′ 1− f(ε
′)
1− f(ε) (42)
where θkk′ is the scattering angle between k and k
′,
ε = ~vF |k|, and Wkk′ is the transition probability from
the state k to k′, and f(ε) is the Fermi distribution func-
tion, f(ǫk) = {1 + exp[β(ǫk − µ)]}−1 with β = 1/kBT
and µ(T, n) is the finite temperature chemical potential.
The chemical potential at finite temperature must be de-
termined self-consistently to conserve the total number
of electrons. The transition probability can be expressed
in terms of the matrix element for scattering
Wkk′ =
2π
~
∑
q
|C(q)|2∆(ε, ε′) (43)
where C(q) is the matrix element for scattering by acous-
tic phonons and ∆(ε, ε′) is given by
∆(ε, ε′) = Nqδ(ε−ε′+ωq)+(Nq+1)δ(ε−ε′−ωq), (44)
where ωq = vphq is the acoustic phonon energy with vph
being the phonon velocity and Nq is the phonon occupa-
tion number Nq = [exp(βωq)− 1]−1. The first (second)
term in Eq. (44) corresponds to the absorption (emission)
of an acoustic phonon of energy ωq. The matrix element
C(q) is independent of the phonon occupation numbers
and is given by25
C(q = k− k′) =
∫
d3rψ∗k′(r)U(r)ψk(r), (45)
where U(r) is the potential due to the propagation of
phonons and ψk(r) is the electronic wave function of the
3D Dirac semimetals. When the chiral symmetry of the
3D Dirac semimetals is considered the matrix element
|C(q)|2 for the deformation potential is given by
|C(q)|2 = D
2
~q
2V ρmvph
1 + cos θkk′
2
, (46)
where D is the deformation potential coupling constant
defining the basic electron-phonon interaction strength,
ρm is the mass density of 3D Dirac semimetals, and V is
the volume of the sample.
In this paper we consider the phonon limited resistivity
in two distinct transport regimes depending on whether
the phonon system is degenerate (i.e., Bloch-Gru¨neisen,
BG) or non-degenerate (equipartition, EP). The char-
acteristic temperature TBG is defined as kBTBG =
2~kF vph, which is given, in 3D Dirac semimetals, by
TBG = 2vphkF /kB ≈ 37.5 vphn1/3 K with the phonon
velocity measured in unit of 106 cm/s and the density
n measured in unit of n = 1018cm−3. In general, since
the Fermi velocity vF in 3D Dirac semimetals is much
larger than the acoustic phonon velocity, the scattering of
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electrons by acoustic phonons may be considered quasi-
elastically. In the high temperature equipartition regime
(~ωq ≪ kBT ) the relaxation time is calculated to be
1
τ(εk)
=
1
2π~4
ε2k
3v3F
D2
ρmv2ph
kBT. (47)
Thus, in the non-degenerate EP regime the scattering
rate [1/τ(εk)] depends linearly on the temperature. In
particular, when the temperature is lower than the Fermi
temperature, i.e., TBG ≪ T ≪ TF = EF /kB we can
approximate 〈τ〉 ≈ τ(EF ). Then, the density depen-
dent scattering time is given as 〈τ〉 ≈ τ(EF ) ∝ n−2/3.
Since the density dependent conductivity is given by
σ ∝ DF 〈τ〉 ∝ n2/3〈τ〉, the calculated phonon limited
conductivity is independent of the electron density at
temperatures much lower than the Fermi temperature.
Note that for 2D graphene we also found the graphene
resistivity limited by phonon scattering in EP regime is
to be density independent.32 Therefore the any density
dependence in the conductivity in the EP regime may en-
tirely arise from the impurity scattering discussed in the
Sec. II. Phonons should not contribute to the density de-
pendence of the 3D Dirac conductivity, except perhaps
at very high temperatures.
Finally, we calculate the transport scattering times in
the BG regime where ~ωq ∼ kBT . In the BG regime due
to the exponential decrease of phonon population and the
sharp Fermi distribution, the scattering rate is strongly
suppressed. Thus, the temperature dependence of the
relaxation time via the statistical occupation factors in
Eq. (44) becomes more complicated. By considering the
full occupation factors we have in low temperature limits
T ≪ TBG we obtain analytically
〈τ〉−1 ≈ 8
π
~vF
E2F
D2
2ρmvph
5!ζ(5)
(~vph)5
(kBT )
5. (48)
Thus, we find that the temperature dependent resistiv-
ity in the BG regime becomes ρ ∼ T 5 without screen-
ing effects. We can include the screening effects on the
bare scattering rates by dividing the matrix elements
C(q) by the dielectric function of 3D Dirac semimetals,
ǫ(q) = 1 − V (q)Π(q). If we include screening effects by
the carriers themselves the low-temperature resistivity
goes as ρ ∼ T 9 because the screening function provides
an extra ω4q term. For intrinsic 3D Dirac semimetals we
have ρ ∼ T 5/[ln(T )]2. Even though the resistivity in
the EP regime is density independent, Eq. (48) indicates
that the calculated resistivity in the BG regime is given
by ρBG ∼ n−4/3 because ρ ∝ (DF 〈τ〉)−1, where DF
is the density of states of 3D Dirac semimetals. Thus,
the BG conductivity limited by phonon scattering at
very low temperatures may manifest some density depen-
dence, but it will be difficult to observe it experimentally
since the overall phonon scattering effect is suppressed by
the factor T 5 (or even by T 9 if screening is important).
We therefore believe that the low-temperature conduc-
tivity of a 3D Dirac system is likely to be dominated by
impurity scattering (similar to ordinary semiconductors
with phonon effects becoming unobservably small at very
low temperatures). The high temperature conductivity
should, however, decrease as 1/T due to acoustic phonon
scattering as we show here.
V. DISCUSSION AND CONCLUSION
For comparison with experimental results (when they
become available), it is important to emphasize that, un-
like in graphene where the Fermi level and the carrier
density can be tuned by externally applied gate voltages,
the only way to obtain a finite carrier density in a 3D
Dirac system is through doping by impurities in which
case n ≤ ni will apply generically, leading to the T = 0
conductivity σ ∼ n4/3/ni ∼ n1/3 in general, assuming
n = ni. Such an n
1/3 (or equivalently n
1/3
i ) scaling
dependence33 of the low-temperature (T ≪ TF ) conduc-
tivity with doping density should be the hallmark of a
3D doped Dirac system. Since such variable doping sam-
ples are not easy to use in controlled experimental stud-
ies (e.g., the unintentional background impurities could
vary from sample to sample in an unknown manner),
we believe that the study of temperature scaling of con-
ductivity may be the ideal way of establishing the Dirac
nature of a candidate 3D Dirac system. In particular,
the intrinsic undoped semimetallic behavior should man-
ifest in the high-temperature limit (T/TF ≫ 1), where
σ(T ) ∼ T 4 if Coulomb disorder prevails (as is likely to
be the case in the presence of charged dopants or im-
purities). At low temperatures (T ≪ TF ), the extrinsic
doped behavior of the conductivity would lead to ba-
sically a temperature independent conductivity. When
we consider phonon scattering the resistivity should be
linear in temperature and density independent in the
high temperature equipartition regime (TBG ≪ T ). In
the low-temperature BG regime (T ≪ TBG) the ρBG
shows much higher power law behavior in temperature
(ρBG ∼ T 5) and the decreasing behavior with density as
ρBG ∼ n−4/3, but this is unlikely to be experimentally
observable in the near future since very clean systems
would be necessary. Our results for the comparison be-
tween transport and single-particle scattering times indi-
cate that the interesting result τt/τs = 3/2 could apply
in a large parameter regime in 3D Dirac systems, which
should be experimentally observable.
Actually, we believe that the study of the density-
dependent conductivity should be possible in 3D Dirac
systems if the carrier density (n) itself, rather than the
dopant density (ni), is directly measured through the
low-field Hall effect. Then, the conductivity at a fixed
low temperature could be plotted against carrier den-
sity to obtain the expected n4/3 (for Coulomb disorder)
or density-independent (point defects or neutral impuri-
ties) behavior as a function of carrier density, thus con-
clusively establishing the Dirac nature of the 3D system.
Since the corresponding non-Dirac parabolic semiconduc-
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tors have completely different density scaling (see Table
1), the observation of the expected density-scaling in the
electrical conductivity should be a smoking gun for the
Dirac nature of the 3D materials just as the linear-in-
density behavior of conductivity is the hallmark of 2D
Dirac systems4. We note that the generic density depen-
dence of 3D Dirac conductivity in the presence of both
Coulomb and zero-range disorder should be an increas-
ing conductivity as n4/3 which should then eventually
saturates to a density-independent value at a high (and
sample-dependent) carrier density where the short-range
disorder effects eventually dominate the conductivity as
the Coulomb disorder gets screened out. Such a crossover
from a n4/3 density dependence to a density-independent
conductivity would be the smoking gun evidence for the
Dirac nature of the underlying 3D carrier, particularly
if, in addition, one can obtain also the expected τt > τs
behavior in the relaxation times as derived in our the-
ory. We note that such density dependent conductiv-
ity studies are carried out routinely in the experimental
investigations of metal-insulator transition in 3D doped
semiconductors (e.g. P-doped Si34) where the conduc-
tivity scaling as a function of doping density is the key
physics being investigated. In the case of 3D Dirac sys-
tems, the great advantage is that one does not need
to worry about the localization-induced metal-insulator
transition because of the strong chirality-induced sup-
pression of 2kF -backscattering, and thus one expects a
very large range of doping density (and temperature)
over which the expected Drude-Boltzmann density and
temperature scaling derived in our work should hold in
the actual systems just as it does in the corresponding
2D graphene and 3D topological insulators.
In summary, we have provided a theory for impurity-
and phonon-scattering limited transport properties of 3D
Dirac systems, both in undoped and doped situations and
both for high and low temperatures. Our predicted tem-
perature dependent scaling behavior of the conductivity
should distinguish a Dirac system from an ordinary semi-
conductor.
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